In a recent paper [S. Doty, A. Henke, Decomposition of tensor products of modular irreducibles for SL 2 , Q. J. Math. 56 (2005) 189-207], Doty and Henke give a decomposition of the tensor product of two rational simple modules for the special linear group of degree 2 over an algebraically closed field of characteristic p > 0. In performing this calculation it proved useful to know that the simple modules are twisted tensor products of tilting modules. It seems natural therefore to consider the ring of twisted tilting modules for a semisimple group G (a subring of the representation ring of G). However, we quickly specialize to the case in which G is the special linear group of degree 2. We show that (in this case) the ring is reduced and describe associated varieties. We give formulas from which one may determine the multiplicities of the indecomposable module summands of the tensor product of twisted tilting modules.
Introduction
Let G be a semisimple, simply connected algebraic group over an algebraically closed field k of characteristic p > 0. Then G is defined and split over the prime field F p . We let F : G → G be the corresponding Frobenius morphism. Let T be a maximal torus that is defined and split over F p and let W be the Weyl group N G (T )/T . The Frobenius twist of a rational G-module V will be denoted V F . Let X(T ) be the group of algebraic group homomorphisms from T to the multiplicative group of k. We have the integral group ring ZX(T ) of X(T ). We write mod(G) for the category of finite-dimensional rational G-modules. Let rep(G) denote the representation ring of mod(G). Thus rep(G) is the free Z-module on classes [V i ], where {V i | i ∈ I } is a complete set of pairwise non-isomorphic indecomposable finite-dimensional rational G-modules. For V ∈ mod(G) with V isomorphic to i∈I a i V i we have [V ] = i∈I a i [V i ]. (For a non-negative integer d and Z ∈ mod(G) we write dZ for the direct sum of d copies of Z.) Multiplication in rep(G) is given by [V ] .
[V ] = [V ⊗ V ], for V , V ∈ mod(G). We also have the Grothendieck ring Grot(G) of mod(G). Thus Grot(G) is the free Z-module on classes L j , where {L j | i ∈ J } is a complete set of pairwise non-isomorphic irreducible rational G-modules. For M ∈ mod(G) we have M = j ∈J b j L j , where b j is the composition multiplicity of L j in M. The multiplication in Grot(G) is given by M . N = M ⊗ N , for M, N ∈ mod(G).
For V ∈ mod(G) we have the character ch V ∈ (ZX(T )) W . We write ch also for the map from rep(G) to the ring of invariants (ZX(T )) W taking the class [V ] to ch V . This map induces an isomorphism from the Grothendieck ring of mod (G) 
to (ZX(T )) W . The span of the classes in rep(G) of tilting modules forms a subring rep tilt (G) of rep(G) and the restriction ch : rep tilt (G) → (ZX(T )) W is a ring isomorphism. Thus the subring of rep(G) spanned by the tilting modules defines a section of the natural map ch : rep(G) → (ZX(T )) W to the Grothendieck ring (see [4, (1.3) Remark]), i.e., for χ ∈ (ZX(T )) W we have a unique element s(χ) = [U ] − [V ] ∈ rep tilt (G) (with U, V tilting modules) such that ch U − ch V = χ , and the composite map π • s : (ZX(T )) W → (ZX(T )) W is the identity.
We here consider the larger subring A(G) ⊂ rep(G) generated by all Frobenius twists of tilting modules. Our investigation was stimulated by the recent paper, [2] , in which Doty and Henke explicitly describe the multiplicity of each indecomposable summand in the tensor product L ⊗ L of irreducible rational modules L, L for the algebraic group SL 2 (k). The summands have the form T 0 ⊗ T F 1 ⊗ · · · ⊗ T F r r , where each T i is an indecomposable tilting module. It seems natural, therefore, to study the ring A(G) generated by the classes of all such modules.
In the interests of generality, we work initially with modules over an arbitrary semisimple, simply connected group G. For n 0 we write A(G) n for the subring of rep(G) spanned by the classes of all modules T 0 ⊗ T F 1 ⊗ · · · ⊗ T F n n , where T 0 , T 1 , . . . , T n are finite-dimensional tilting modules. Thus we have a chain of subrings A(G) 0 ⊂ A(G) 1 
⊂ · · · ⊂ rep(G), with
We shall say that M ∈ mod(G) is a twisted tilting module of height at most n if there exists a non-negative integer n and tilting mod-
We shall say that M ∈ mod(G) is a twisted tilting module if it is a twisted tilting module of height at most n for some non-negative integer n.
We make some elementary observations on A(G) n and A(G) in Section 1. However, we are in fact able to say little more at this level of generality. In the remaining sections we restrict ourselves to the case G = SL 2 (k). In Section 2 we describe the rings A(G) n and A(G) by generators and relations. In Section 3 we show that A(G) is reduced. We show that the complex affine variety determined by A n (G) is a union of affine lines and that it is connected. In Section 4 we describe Clebsch-Gordan type formulas for the tensor product of tilting modules of highest weight at most 2p − 2. From this one can deduce, at least in principle, the structure constants for the ring A(G), with respect to the basis given by indecomposable tilting modules. Some of these formulas can be found in [2] .
Much of this theory may be developed for twisted tilting modules for the quantum general linear group of degree 2 (as in [5] ). For further details see [1] .
The ring of twisted tilting modules
We refer the reader to [6] for all background material on the representation theory of algebraic groups not explicitly described here.
We first suppose that G is a semisimple, simply connected group over k, as above. The integral group ring ZX(T ) has Z-basis e(λ), λ ∈ X(T ), and the basis elements multiply according to the rule e(λ)e(μ) = e(λ + μ). We define the Frobenius twist of χ = μ∈X(T ) a μ e(μ) ∈ ZX(T ) by χ F = μ∈X(T ) a μ e(pμ). We fix an F -stable Borel subgroup B of G containing T . We fix a positive definite, symmetric, W -invariant bilinear form ( , ) on R ⊗ Z X(T ). We write Φ for the set of roots of G, with respect to T , and write Φ + for the system of positive roots for which B is the negative Borel subgroup. We write X + (T ) for the set of dominant weights.
For λ ∈ X(T ) we write k λ for the one-dimensional rational B-module on which T acts via
} is a complete set of pairwise non-isomorphic simple modules.
We write G 1 for the first infinitesimal subgroup of G, i.e., the (scheme theoretic) kernel of the Let φ : rep(G) → rep(G) be the endomorphism given by the Frobenius morphism:
for the subring of rep(G) spanned by all elements t (λ), with λ ∈ X + (T ) ∞ and, for n 0, write A n = A n (G) for the subring of rep(G) spanned by all elements t (λ), with λ ∈ X + (T ) n .
We shall, in the next section, specialize to the case G = SL 2 (k) and give a Z-basis for A n and a Z-basis for A. The argument for independence is quite specific to SL 2 (k). However, the spanning argument can be couched in more general language. We use an induction argument to give a reduction to a "special" set of tilting modules. The nature of this reduction leads us, in the general context, to the definitions of X + s (T ), X + s (T ) n and X + s (T ) ∞ and the proposition to which the remainder of this section is devoted.
We write X + s (T ) for the subset of X + (T ) consisting of the elements λ such that either (λ,α) < p − 1 for some simple root α, or p − 1 (λ,β) 2p − 2 for every simple root β (whereγ = 2γ /(γ, γ ), for γ ∈ Φ). We shall say that an element of λ ∈ X + (T ) ∞ is n-special if λ(i) ∈ X + s (T ) for all 0 i < n and λ(j ) = 0 for all j > n. We write X + s (T ) n for the subset of X + (T ) ∞ consisting of all n-special elements. We say that λ ∈ X + (T ) ∞ is special if it is nspecial for all n sufficiently large, i.e. if λ(i) ∈ X + s (T ) for all i 0. We write X + s (T ) ∞ for the subset of X + (T ) ∞ consisting of all special elements.
Let Φ = Φ 1 ∪ · · · ∪ Φ u be the decomposition into indecomposable components. In each components Φ i we have the highest short root β 0,i . For λ ∈ X(T ) we set ln(λ) = 
Proposition.
(i) A n,m is spanned by all t (λ) with λ ∈ X s (T ) n and ln(λ) m.
Proof. (i) We argue by induction first on n and then on m. For n = 0 we have X + s (T ) n = X + (T ) n = X + (T ) and there is nothing to prove. We now assume that n > 0 and the result holds for all (n , m ) with n < n. For m = 0 we have A n,m = Z[T (0)] and the result holds. We now assume that m > 0 and that the result holds for (n, m ) with m < m.
We write H for the subgroup of A n,m spanned by all t (λ) with λ ∈ X s (T ) n and ln(λ) m.
By the inductive assumption we have t (λ)
, where S is a finite subset of X + s (T ) n−1 consisting of elements of length at most ln(μ), and r ξ ∈ Z, for ξ ∈ S. We have
F is a tilting module with highest weight λ(0).
, where S is a set the set of elements of X + (T ) which have smaller length than ln(λ(0)), and r ξ ∈ Z, for ξ ∈ S. Now we have
where U is a finite subset of X + s (T ) n−1 consisting of elements which have length at most d. Hence we get
(ii) Clear from (i).
(iii) Clear from (ii). 2
Generators and relations

2.1.
We now specialize to the case G = SL 2 (k). We take F to be the usual Frobenius morphism, we take T to be the subgroup of G consisting of the diagonal matrices and take B to be the subgroup consisting of the lower triangular matrices. Then X(T ) = Zρ, where ρ(t) is the (1, 1)-entry of t ∈ T . We take α = 2ρ, the unique positive root. We identify an integer a with the element aρ of X(T ). In this way we identify X + (T ) with the set of non-negative integers N 0 . Then X + s (T ) is the set of integers a such that 0 a 2(p − 1). We also identify
∞ with sets of sequences of non-negative integers in the obvious way.
Recall that the tilting modules T (a), 0 a 2(p − 1) are indecomposable and pairwise nonisomorphic as G 1 -modules. Moreover, T (j) has a simple G 1 -socle, for 0 j 2(p − 1) (see e.g. [4, Section 2, Examples 1 and 2]).
Proposition. (i) For a ∈ X + s (T ) n the twisted tilting module T (a) is indecomposable. (ii) For a, b ∈ X + s (T ) n the twisted tilting modules T (a) and T (b) are isomorphic if and only if a = b. (iii) An indecomposable twisted tilting module of height at most n is isomorphic to T (a), for some
Proof. (i) For n = 0 the module T (a) is, by definition, the indecomposable tilting module of highest weight a. Now suppose that n > 0 and the result holds for n − 1. We have a = (a 0 , a 1 , . . . , a n ), where 0 a 0 2(p − 1) and b = (a 1 , . . . , a n ) ∈ X + s (T ) n−1 . Thus T (b) is indecomposable by the inductive hypothesis. Moreover, T (a 0 ) is indecomposable for the first infinitesimal subgroup G 1 . Hence we have that
(ii) If n = 0 then T (a) has highest weight a 0 ρ and T (b) has highest weight b 0 ρ. Hence we have a 0 = b 0 and so a = b. Now suppose that n > 0 and that the result holds for tilting modules of height at most n − 1.
We have
. .) we have that the restriction to G 1 is a direct sum of copies of the indecomposable modules T (a 0 )| G 1 . Hence, by the KrullSchmidt theorem, we have
, T (ā) ∼ = T (b).
Thus we getā =b by induction, and hence a = b.
(iii) Let Y be an indecomposable tilting module of height at most n. Then by Section 1, Proposition (i), we have
for some non-negative integers u a , v a , and a ∈ X + s (T ). Hence we have Y ⊕ U ∼ = V , where U and V are direct sums of modules of the form
(vi) Note that if a ∈ X + (T ) ∞ is special then it is n-special for all n sufficiently large. Hence the result follows from (iv). 2 2.2. We now consider the ring A and its subrings A n , n 0, in more detail. We set x 0 = [E], the class of the natural SL 2 (k)-module E. For i 0 we write x i for the class [
We shall give a description of A n by generators and relations. The description involves certain polynomials which we introduce at this point. We work in the field of rational functions Q(t). We have Laurent polynomials h r (t) ∈ Z[t, t −1 ] defined by h 0 (t) = 1, h 1 (t) = t + t −1 and h r (t) = t r + t r−2 + · · · + t −r , for r 2. Thus we have h r (t) = t −r (1 − t 2r+2 )/(1 − t 2 ) and we note that
Note that a Laurent polynomial
is an integer polynomial in t + t −1 if a i = a −i for all i (e.g., by induction on largest r such that a r = 0). 
Hence we have
For q(t) ∈ Z[t, t −1 ] we write simply q(E) for the element q([E]) of A. We identify ZX(T ) with Z[t, t −1 ] via the ring isomorphism sending e(1) to t. Then we have ch ∇(r) = h r (t), for r 0. Hence f r (E) has same character as the rational G-module ∇(r). Now we have
We form the free polynomial ring 
Affine varieties
We shall show in 3.1 that the ring A is reduced and in 3.2 study the affine variety defined by A n , n 0.
3.1.
For a finitely generated commutative C-algebra R we write Var(R) for the set of Calgebra homomorphisms from R to C, and regard Var(R) as an affine variety. For a finitely generated commutative ring S we write Var(S) for the set of all ring homomorphisms from S to C. We identify Var(S) with Var(S C ), where S C = C ⊗ Z S, and thus regard Var(S) as an affine variety. For a finitely generated commutative C-algebra or finitely commutative ring R and x ∈ Var(R), h ∈ R, we write h(x) for the element x(h) of C. Thus, by the Nullstellensatz, an element h ∈ R is nilpotent if and only if h(x) = 0, for all x ∈ Var(R).
We consider the complex algebra A n,C = C ⊗ Z A n . We identify A n with a subring of A n,C in the natural way. We define γ i = f i (x 0 ), for i 0. For n 1 we writeĀ n for the subring of A generated by x 1 , . . . , x n+1 and note that there is a ring isomorphism from A n toĀ n , taking x i to x i+1 , 0 i n. We setĀ n,C = C ⊗ ZĀn .
We note that an element Γ ∈ A n,C is uniquely expressible in the form Γ = 2p−2 i=0 Γ i γ i , with Γ i ∈Ā n−1,C . We shall say that Γ i is the coefficient of γ i , 0 i 2p − 2.
We are interested in finding when x 0 − λ is a zero divisor in A n,C . Suppose that Γ ∈ A n,C satisfies
for some λ ∈ C. We write Γ = 2p−2 i=0 Γ i γ i as above. Then, since x 0 γ i = γ i−1 + γ i+1 , for i 1, we have
Hence we get
i.e.,
and hence
Equating coefficients gives:
It follows that we have:
We assume now that λ is not a root of f p−1 (s). Then we get Γ 0 = Γ 2p−2 and we get
Thus if x 0 + 2 or x 0 − 2 is a zero divisor in A n,C then x 0 + 2 or x 0 − 2 is a zero divisor in A n−1,C . By induction we obtain that neither x 0 − 2 nor x 0 + 2 is a zero divisor in A n,C . Thus we have the following.
Lemma. Neither x 0 − 2 nor x 0 + 2 is a zero divisor in A.
We shall now show that A is reduced. We do this by showing that A n,C is reduced, by induction on n. This is clear for n = 0 so now suppose that n > 0 and that A n−1,C is reduced. We label the (distinct) roots of f p−1 (s) as λ 1 , . . . , λ p−1 . Suppose that Γ ∈ A n,C is nilpotent. We may write Γ in the form
with a 0 .a 1 , . . . , a p−1 ∈Ā n,C . We see from the defining relations that there is an algebra epimorphism from A n,C to A n−1,C , taking x 0 to λ 1 and x i to x i , for 1 i n. Now Γ is mapped to a and, by the inductive assumption,Ā n−1,C is reduced so that a = 0. Thus we may write Γ in the form
for some a 1 , b 0 , . . . , b 2p−4 ∈Ā n−1,C . However, there is an algebra homomorphism from A n,C to A n−1,C taking x 0 to λ 2 and taking x i to x i , for 1 i n. We deduce that a 1 is nilpotent and hence, by the inductive hypothesis, that a 1 = 0. Continuing in this way, we find that we may write Γ in the form Γ = f p−1 (x 0 )G, where
0 , for some elements G i ∈Ā n−1,C . We identify δ ∈ Var(A n ) with (δ(x 0 ), δ(x 1 ), . . . , δ(x n )) ∈ C n+1 and identify ∈ Var(Ā n−1 ) with ( (x 1 ), . . . , (x n )) ∈ C n . In this way we identify Var(A n ) with a (Zariski) closed set in C n+1 and identify Var(A n−1 ) with a closed set in C n .
Consider an element β = (β 1 , . . . , β n ) ∈ Var(Ā n−1 ). Suppose that θ ∈ C is such that α = (θ, β 1 , . . . , β n ) ∈ Var(A n ). Then we have Γ (α) = 0, i.e.,
if θ is not a root of the polynomial f p−1 (s). Now, for θ ∈ C, from the description of A n by generators and relations, 2.2 Proposition, we have α = (θ, β 1 , . . Proposition. A is reduced.
3.2.
We now consider the affine variety V n = Var(A n ), in more detail. As above we identify V n with the subset of C n+1 consisting of elements y = (y 0 , y 1 , . . . , y n ) such that f (y i )(y i+1 − g(y i )) = 0 for 0 i < n. Let Z n = { (a, g(a), g(g(a) ), . . .) | a ∈ k}. Thus Z n is a closed set in V n isomorphic to A 1 . Consider the projection q n : V n → C onto the final component.
We claim that q n has finite fibers. Clearly this is true for n = 0, in which case V n = A 1 . So now suppose n > 0 and the result holds for n − 1. Let λ ∈ C and consider q −1 n (λ) = {y ∈ V n | y n = λ}. Proof. We have V 0 = A 1 . Now assume n > 0 and that the result holds for V n with n < n. For 0 r < n we define
Each V n,r is closed and we have
However, from the definitions, we have V n,r = K r × V n−r−1 , where K r ⊂ V r is the set of all y = (y 0 , . . . , y r ) with f (y r ) = 0. Since there are only finitely many possibilities for y r and since the fibers of q r : V r → k are finite, K r is finite. Thus an irreducible component of V n has the form {a} × W , for some a ∈ K r , and some irreducible component W of V n−r−1 . The result for V n follows from the inductive hypothesis. 2
Corollary. V n is connected.
Proof. Since V 0 = A 1 , we may assume that n > 0. Assume, for a contradiction that V n is disconnected and let Y be a connected component that does not contain Z n . Let H = {a} × Z m be an irreducible component of V n lying in Y with a = (a 0 , . . . , a r ) , where r = n − m. We suppose that H is chosen with m as large as possible. Note that if r = 0 then (a 0 , g(a 0 ), g(g(a 0 )) , . . .) ∈ H ∩ Z n , which is impossible. Hence r > 0. Putting b = (a 0 , a 1 , . . . , a r−1 ) we have {b} × Z m+1 ⊆ V n and H ∩ ({b} × Z m+1 ) contains the element (a 0 , a 1 , . . . , a r−1 , g(a r−1 ), g(g(a r−1 ), . . .) ). Hence we have {b} × Z m+1 ⊆ Y , contradicting the maximality of m. 2
Clebsch-Gordan type formulas for tilting modules
We put θ(a) = ch T (a) (where T (a) is the tilting module of high weight a). The point is to give explicit formulas for θ(a)θ(b), for 0 a, b 2p − 2. This determines the decomposition of T (a) ⊗ T (b) as a direct sum of tilting modules. An indecomposable twisted tilting module is a tensor product of the modules T (a), 0 a 2p − 2. Hence one may obtain from the formulas below, at least in principle, a decomposition of M ⊗ M , as a direct sum of indecomposable tilting modules, for arbitrary indecomposable twisted tilting modules M, M .
Recall that, for a 0, χ(a) denote the character of ∇(a), i.e. the character of the ath symmetric power S a (E). We shall use many times, without further reference, the formulas θ(a) = χ(a), for 0 a p − 1, and θ(p − 1 + r) = χ(p − 1 + r) + χ(p − 1 − r), for 0 < r p − 1, and
4.1.
We consider the case p = 2. We have θ(0)θ (a) = θ(a), for a 0. The remaining cases are covered by the following formulas (which are easy to check):
4.2.
We now suppose p 2. To simplify notation we shall define a formal character CG(m, n). We define (the "Clebsch-Gordan character") for m n and m + n even by − b) by the usual Clebsch-Gordan formula, and since χ(r) = θ(r), for r p − 1, we have
Case I. Suppose a b and a
In the case a + b even we have
The other case is similar.
It will be useful to have formulas for multiplying by χ(p − 1). These are given in the next two cases. We first introduce some additional notation. We write s(a) for the orbit sum, for a 0: thus s(a) = e(0) if a = 0 and s(a) = e(a)
Case III. It is easy to check that, for 0 a p − 1, we have
Case IV. For 1 t p − 1 we have
Suppose t is even. We have
Case V. Now suppose 0 a < r p − 1 and a + r p. Then we have
We give a proof by induction on a. The formula is clear for a = 0. For a = 1 we have
Now assume that a 2 and the result holds for a − 2. Then we have
Case VI. Now suppose 0 r a and a + r p − 1. Then we have
so the result follows from Case III.
Case VII. Now suppose 1 a < r p − 1 and a + r > p − 1. We have
We consider the case in which r + a is even and leave the other cases to the reader. We have
Case VIII. For 1 q r p − 1 with q + r p − 1 we have
We consider the case in which q + r even, q < r and leave the remaining cases to the reader. We have
using Cases IV and III.
Case IX. For 1 q r p − 1 with q + r > p − 1 we have
We deal with the case in which q + r is even and q < r. The other cases are similar:
using IV and III.
Further comments
The span of the classes, in A(G), of the twisted tilting modules that are projective on restriction to the first infinitesimal subgroup G 1 forms an ideal. It is not difficult to see, from the results of Section 1, that this is the principal ideal generated by the class of the first Steinberg module. In the context of finite Chevalley groups one has the result of Lusztig, [7] , that the ideal spanned by classes of projective modules, in the Grothendieck ring of finite-dimensional modules over K of a finite Chevalley group is generated by the Steinberg module. Here we consider, for G a general semisimple, simply connected, algebraic group over K, finite-dimensional G-modules V such that V | G m is injective. We prove that there is some r 0 such that the class of V ⊗ St in the representation ring of G lies in the ideal generated by St m+r . The argument below is similar to one appearing in [3] .
Recall that if H is an arbitrary affine group scheme over a field K and N is a normal subgroup scheme then for any H -modules V , W such that V | N is injective and W is trivial as an N -module and injective as an H/N -module we have that V ⊗ W is injective. 2
